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Abstract 

The completely positive rank is an analogue of topological covering 
dimension, defined for nuclear C*-algebras via completely positive ap- 
proximations. These may be thought of as simplicial approximations of 
the algebra, which leads to the concept of piecewise homogeneous maps 
and a notion of noncommutative simplicial complexes. 
We introduce a technical variation of the completely positive rank and 
show that the two theories coincide in many important cases. Further- 
more we analyze some of their properties; in particular we show that 
both theories behave nicely with respect to ideals and that they coin- 
cide with covering dimension of the spectrum for certain continuous trace 
C*-algebras. 



0. Introduction 



The completely positive rank is a notion of covering dimension for nuclear C*- 
algebras and was introduced in [Wil|. The definition is based on regarding a 
completely positive approximation {F^ijj^Lp) of a C*-algebra A as an analogue 
of a partition of unity. This in turn yields an analogue of an open covering of 
the noncommutative space A. The order of a covering is then modelled by a 
condition on the behavior of on the minimal projections of F] this condition 
in some sense measures how far </? is from preserving orthogonality. To be more 
precise, recall the following 
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0. INTRODUCTION 



0.1 Definition: Let A, F be C* -algebras, F finite- dimensional. 

a) We say a set {eo, . . . , e„} d F is elementary, if the Ci are mutually orthogonal 
minimal projections. 

b) A completely positive map ip : F —i- A is of strict order not exceeding n, 
ord if < n, if the following holds: 

For every elementary set {eg, ■ ■ • , e„+i} C F there are i, j £ {0, ... , n+ 1} such 
that ip{ei) _L (p{ej). 

c) A has completely positive rank less than or equal to n, cpr A < n, if there 
is a net {Fx^ipx, ip\)\ of c.p. approximations for A such that (pxoipx id^ 
pointwise and ordipx < n VA. 

It then turns out that the completely positive rank has nice abstract proper- 
ties; it coincides with ordinary covering dimension of the spectrum for commu- 
tative C*-algebras and identifies AF algebras as zero-dimensional C*-algebras. 

Partitions of unity may also be thought of as simplicial approximations of the 
space in question. The present paper is an attempt to carry this concept over 
to the noncommutative case in a suitable way. To this end, we have to take 
a closer look at the c.p. approximations that compute the completely positive 
rank. 

One might ask to what extend condition b) on the maps ip is natural. For 
example, besides the minimal projections there is another class of distinguished 
projections in F, namely the (minimal) central ones. We can use these as well to 
define the order of ip. But then to obtain any topological invariants we have to 
make sure that the approximating algebra F contains enough central projections 
to reflect some of the structure of F. This is done by imposing an extra condi- 
tion on ip, which leads to the concept of piecewise homogeneous maps. We then 
obtain a variation of the completely positive rank, the homogeneous rank. This 
is a little easier to deal with; for example, there is an obvious (partial) result 
on the behavior of the homogeneous rank for tensor products. The two theories 
coincide in many (if not all) cases, in particular for all simple C*-algebras (and 
for all concrete examples we have considered so far). 

If A is commutative, a partition of unity of A induces a *-homomorphism 
C(|E|) — » A, where |E| is the geometric realization of some simplicial complex 
E. These *-homomorphisms indeed may be thought of as simplicial approx- 



imations of A. In |Cu2|, Cuntz has introduced a notion of noncommutative 
simplicial complexes. These are universal C*-algebras which (in the place of 
C(|S|)) can be used to transform statements about partitions of unity (given 
by c.p. maps) into statements about *-homomorphisms. We apply this concept 
to our situation to obtain an alternative description of piecewise homogeneous 
maps. 

Completely positive approximations with piecewise homogeneous maps are, we 
think, interesting by themselves since they determine something like a 'piece- 



wise linear topology' (cf. [BK| for a more general approach to this idea), but the 
techniques developed to analyze them are also useful to compute the completely 
positive and the homogeneous rank in certain cases. 
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From the Choi-EfFros lifting theorem it follows that the completely positive and 
the homogeneous rank behave nicely with respect to quotients. This corresponds 
to the (trivial) fact that dim K < dim X if if is a closed subset of the locally 
compact space X. For an open subset U C X we also have dimJ7 < dimX, 
but there is something to prove. In the noncommutative situation we can show 
that both our theories behave well with respect to ideals. 

A C*-algebra may have some obvious underlying topological space with nice 
properties. In this case the noncommutative covering dimension of the algebra 
should somehow be related to ordinary covering dimension of the underlying 
space. As an illustration, we examine the behavior of our theories for continu- 
ous trace algebras. It turns out that we always have cpr A<hTA< dim A and 
that, under some (possibly unnecessary) extra condition, we eve n have equality. 



We will use similar (but more complicated) methods in |Wi2] to analyze the 
completely positive rank of crossed products of manifolds with minimal diffeo- 
morphisms. 

I would like to thank J. Cuntz for several helpful comments, especially on 
Section 1.3. 



1. PlECEWISE HOMOGENEOUS MAPS AND PERTURBATIONS 
1.1 PlECEWISE HOMOGENEOUS MAPS 

1.1.1 The main ingredient in our definition of noncommutative covering dimen- 
sion is the strict order of maps ip : F —f A, determined by the behavior of ip on 
sets of orthogonal minimal projections. 

We could have used sets of arbitrary orthogonal projections as well. This would 
have yielded a different dimension theory without some of the good abstract 



properties of the completely positive rank (for example. Proposition 3.7 of | Wil | 
would not work for this theory). 

On the other hand, there is another class of distinguished projections in finite- 
dimensional C*-algebras, namely the (minimal) central ones. However, one 
cannot expect these to reflect any of the structure of A without imposing extra 
conditions on the c.p. approximations. For example, without such conditions 
one can always assume F to be a single matrix algebra, hence containing only 
one central projection. Also, it does not suSice to assume ip to be, say, com- 



pletely isometric, as [BK|, Theorem 5.13 shows. 

So we are looking for nice extra conditions on c.p. approximations (-F, '0,(^) 
which ensure us that the central projections of F reflect at least some of the 
structure of the approximated algebra A. 



1.1.2 One such condition is suggested by |Wil], Lemma 3.14, which says that, 
for a c.p. map Lp : Mr A with ordtp = n, either n = r — 1 or n = 0. If 
n = r — 1, the order condition gives no information, simply because the matrix 
algebra is too small, but if n = 0, there are nice ways of describing tp explicitly 



(cf. Proposition 1.2.1 and |Wil|, Proposition 4.1.1 a)). 
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1. PIECEWISE HOMOGENEOUS MAPS 



In I Wil|, Proposition 3.7 we saw that cpr (Co(X)(g)Mr) < dimX by constructing 
c.p. approximations {F, ip, (p), where each summand of F is M^, F — Mr, 
and the restriction of ip to each summand has strict order zero. The order of 
if then comes from the order of a c.p. approximation of Cq{X), more precisely: 
ord(/3 = ordt^oi, where i : ^ is the canonical unital embedding. But note 
that (foL — 'p\z{F)i where Z{F) = C is the center of F; this means that the 
order of (p is determined only by its behavior on the minimal central projections 
of F. 

This is the easiest example of a more general concept: Below we shall consider 
maps (f which have strict order zero on the summands of F and analyze in 
how far the behavior of tp on the center of F still gives information about the 
approximated algebra A. 

1.1.3 Definition: Let A, F be C* -algebras, F — ^^^i finite-dimensional, 
and let ip : F ^ A be c.p.c. 

We say ip is piecewise homogeneous (p.h.), ifovdipt = Vi = 1, . . . ,s. ip is p.h. 
of strict order n, if tp is p.h. and ord(y9ot = n (where t : C ^ F again is the 
canonical unital embedding). A c.p. approximation {F,^,ip) is p.h. (of strict 
order n), if (p is. 

1.1.4 R emar k: We will justify the first part of the preceding definition in 
Corollary |l.l.7| , where we show that a p.h. map is p.h. of strict order n if and 



only if it has strict order n in the sense of Definition |0.1 . 

1.1.5 Proposition: Lettp : Mri®Mr2 ^ Abe c.p.c. andletUi C [/(AfrJ, i = 
1,2, be nonempty open sets of unitaries. 

(i) If Ci G M^i, J = 1,2, are minimal projections, then there are nonempty open 
subsetshl[ C hli, such that Lp(\i)p{\2) 7^ implies 

p{u* eiu)p{u* e2u) ^ 0\fu ^ U[, u £ ^2 . 

(ii) If Ei C Mr-, J = 1,2, are elementary subsets, then there are nonempty open 
subsets Ul C Ui, such that (p{li)p{l2) ^ implies 

p{u* eu)p{u* eu) ^ Ve G e G E2, u G IA[, u ^ U2 . 



Proof: (i) By | Wil|, Lemma 1.3.8(ii), there are unitaries . . . , u^-'^''' G Ui for 
« = 1, 2 such that hi := J2^j'=i uf^* Ciuf^ is invertiblc in Mr-. But hi is positive, 
so we have hi > Xi ■ li for some Ai > 0. 

Now if iy9(li)iy9(l2) 7^ 0, we have (p{hi)p{h2) 7^ and therefore 

piu^^^*eiu[''>)p{u'i^*e2u'i^) ^ 
for some j G {1, . . . , ri} and j G {1, . . . , r'2}. 

But then there are open neighborhoods U, U of uf^ and Uj^^ respectively, such 
that 

p{u* eiu)p(u* e2u) ^ O^u €U, u €lA . 



1 . 1 Piecewise homogeneous maps 
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Now U[ := ZYi n W and U2 n have the desired properties. 

(ii) Suppose E, = {ef\... ,ef'^} for i = 1,2 and ip{li)ip{\2) ^ 0. Apply 
part (i) to e^^"*, Cj^^ and Ui, U2 to obtain u'l^^ C Ui and Wj^'' C U2 such that 

Now take ej^\ e2"'^'' and u\^\ to obtain nonempty C and C 
^^2^-*. Proceed inductively to obtain 

^ U^,i C Zif '"'^ C . . . C Z^f ^ C Z^,, I = 1, 2 , 

such that 

(/?(it*e^"'''it) (p{u'e"2^u) 7^ Vu e u € U2,i and = 1, . . . , Zi . 

Apply the above procedure to e^^^ {j — 1, . . . , ^i) and 63^^ with Ui^i instead of 
Ui. This will yield Ui^2 C Ui^i C Z^i such that 

ip{u*e~^^u) ip{u*e2^u) 7^ Vm G Z^i,2, w G Z^2.2, j = 1, • . • , , 
while we still have 

ipiye-^^) tf(u*e2^u) 7^ Vu e Ui^2-, u £ ^^2,2, j = 1, • ■ • ■ 
Now induction yields chains of subsets 

%^Uu, c wi'^li C . . . C W,,2 C Zif'i^^ c . . . 
... c ul^^ c c uf'^ c ...c c U, 
for i — 1,2. Setting W^' :— Uij^, we see that 

ip{u*e[^K)ip{u*ei^'^u) y^oyueU[,ue U^, j e {1, . . . Zi}, / e {1, . . . h} ■ 

□ 

1.1.6 Proposition: Let A, F be C*-algebras, F = Mr^ ® . . . ® Mr^ finite- 
dimensional and ip : F ~f A c.p.c. Furthermore, let Ei C Mr- be elementary 
sets andlAi C U{Mr-) open neighborhoods of li for all i. 

Then there are nonempty open subsets Vi C Ui, i = 1,... ,s, such that the 
following holds: 

If i j^i (z {1, . . . , s}and ip{li)ip{li) 7^ 0, we have 

Lp{u*eu) Lp{u*eu) 7^ 
for all e G Ei, e G E^, u EVi, u <E Vj. 

Proof: This is an iterated application of Proposition 1.1.5(ii): Apply l.l.SK ii) 

to El, E2 and Ui, U2 to obtain nonempty open subsets u\^\ U^\ such that 
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1. PIECEWISE HOMOGENEOUS MAPS 



tp{li)ip{l2) ^ implies ip{u*eu) ip{u'*e'u') ^ ior e e Ei, e e E2, u e u\^^ and 



Then take and W;^"'^'', to obtain Z/Zp' SiQAU^\ respectively, afterwards 

E2, E3 and U^^\ U'i^ to obtain ^ and \ 
Induction yields 



C 



for i = 1, . . . , s such that the Vi have the desired property. □ 

1.1.7 Corollary: Let A, F he as above and (p : F ^ A c.p.c, l : C ^ F the 
canonical unital embedding. Then ordipoL < ord(y5. If ip is p.h., we even have 
equality. 



1.1.8 Remark: This justifies Definition 1.1.3. Furthermore, one could use 
Corollary p^.l.T] to give a slightly simplified proof of [ Wil| , Proposition 3.17. 



1.2 Order zero maps and stable relations 

In this subsection we take a closer look on maps of strict order zero, the building 
blocks of piecewise homogeneous maps. 

1.2.1 It is well-known that, if < 5 < 1 is an element of some C*-algebra A, 
then C*{g) C A is a quotient of Co((0, 1]), the universal C*-algebra generated 
by one positive element of norm < 1. Equivalently, a c.p.c. map ip : <C A 
induces a *-homomorphism n : Co((0, 1]) A such that 7r(/i) — p{l) (where 



h = id(o,i] G Co((0, 1]) is the canonical generator). Revisiting [Wil|, Proposition 
4.1.1, we then obtain the following matrix analogue of this correspondence (as 
usual, CB := Co((0, 1]) (81 B denotes the cone over B): 

Proposition: Ifp : Mr A is c.p.c. with oidp — 0, then there is a unique *- 
homomorphism tt : CMj. A such that ir^h® x) = 'p{x) \/x S M^. Conversely, 
any -homomorphism tt : CM^ A induces such a c.p.c. order zero map p. 

1.2.2 Corollary: Let pi : Ai be c.p.c. maps with ord^Si = 0, i = 1,2. 
Then the induced map pi® Lp2 '. ® Ai® A2 has strict order zero. 

Proof: The pi induce *-homomorphisms tt^ : CMr- Ai such that TTi{h®Xi) — 
Pi{xi). Furthermore, there is a c.p.c. map p : M^-^^Mr^ CM^^ ®CMr2 given 
by p{xi ® X2) — {h® xi) ® {h® X2). Obviously p has strict order zero. But 
then (tti ®'K2)°P also has strict order zero and 

(tTi ® ■K2)op{xi ® X2) — Pl{xi) ® P2{X2) — [pi ® P2){xi ® X2) . 

□ 

1.2.3 For i, j = 2, . . . , r consider the relations 

\\xi\\ < 1, XiXj = 0, x*Xj = Sijxlx2 ; (U) 



1.2 Order zero maps and stable relations 
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it is well-known that 



CMr = C*{x2,... |7^), 



i.e. CMr is the universal C*-algebra with relations (7?.) (of. |Lc], Table 1). As 
a consequence, whenever X2, ■ . ■ ,Xr € A satisfy these relations, the assignment 
Ci-i^i '—^ Xi induces a c.p.c. order zero map if : Mr — > A and any such map is 
determined by a finite set of relations. 



Furthermore, the se rel ations are weakly stable in the sense of |Lo|, Definition 
4.1.1; in Lemma 1.2.5 we will use this fact to analyze perturbations of order 
zero maps. 

1.2.4 As it turns out, the relations defining CM^ are even liftable, which means 
that CMr is projective ([Lo|, Theorem 10.2.1). We then have the following 
lifting result for order zero maps: 

Proposition: Let J <i A be an ideal and ip : Mr —>■ A/ J c.p.c. with ordip — 0. 
Then ip has a c.p.c. lift (p : Mr A with oidtp = 0. 

Proof: By Proposition 1.2.1 ip induces a *-homomorphism tt : CMr A/ J, 
which lifts to a *-homomorphism tt : CMr A, since CMr is projective. From 
7f in turn we obtain a c.p.c. order zero map (p : Mr A which is easily seen to 
hft ip. □ 

1.2.5 Another reason why order zero maps are nice building blocks for c.p. 
maps is that they are stable under perturbations: 

Lemma: For any r G N and rj > there is 6 > such that the following holds: 
Let p : Mr A be c.p.c. with ordp = 0; suppose that < u,h < 1 in A^ 
satisfy |j [w, 1^9(2;)] || < Wx € Mr and that \\p{l) — h\\ < 5. Then there is a 
c.p.c. map (p : Mr A such that 

(i) \\^{x) - ip{x)u\\ < ^ e 



(ii) ip{Mr) C hAhn (u), where (u) is the ideal generated by u 
(Hi) ordi^ = 0. 

Proof: First choose /3 > 0, then a > 0, then fc e N and finally 5 > 0. It will 
become clear in the course of the proof, how small (or large) these constants 
must be. Observe that they can be defined independently of a special choice of 
p, u and h. 

Set Xj hiui(p{ej-ij)u^ hi , j — 2,. . . ,r, then Xj E B := hAhO (u) and it 
is straightforward to check that (for any (p, u and h satisfying the condition of 
the lemma) the Xj satisfy the relations ^R\) of 1.2.3 within a if only k is large 



and 5 is small enough. But the relations are weakly stable in the sense of 
Definition 4.1.1. Therefore, if a is small enough, there are j/j S B satisfying [TV) 
exactly and such that ||a;j — yj|| < (3. Now by 1.2.1 and 1.2.3 the t/j induce a 
c.p.c. order zero map (p : Mr — > B and again one checks that, if k is large and 
P and 5 are small enough, we even have ||<^(a;) — iy9(a;)M|| < iflj Wx € Mr. □ 



8 



1. PIECEWISE HOMOGENEOUS MAPS 



1.2.6 In the situation of the preceding lemma, one cannot expect (p to have 
order zero if Lp doesn't. Nontheless we have the following (weaker) perturbation 
result for maps of order r — 1 : 

Proposition: For any r G N and i] > there is S > such that the following 
holds: 

Let if : Mr A be c.p.c. IfO <u,h<linA satisfy || [w, 1^9(2;)] || < \/x G 
and \\ip{\Mr) ^ h\\ < 5, then there is a c.p.c. map (p : — > A such that 

(i) \\(p{x) - 'p{x)u\\ < iifii Vx e 



(a) <y5(iM,) c hAhr\ (u). 

Proof: First choose k G N and then S > 0, then for any ip, u and h set 
(p(.) := hk U2 ip(^ . )u2 hk . It is not hard to see that k and 6 can be chosen 
independently of (/?, u and h and that (p has the desired properties, if k is large 
and S is small enough. □ 



1.3 NONCOMMUTATIVE SIMPLICIAL COMPLEXES 



In |Cu2|, Cuntz has introduced a notion of noncommutative simplicial com- 
plexes. Below we outline how this concept is related to p.h. maps. 

1.3.1 By definition, a (finite) simplicial complex E is a set of subsets of a 



(finite) vertex set satisfying a certain coherence condition (see |E5] for an 
introduction to simplicial complexes). 

Let C^'^ be the universal abelian unital C*-algebra with positive generators h^-, 
cr S l^s, and relations 



hao . . . /i<T„ = if {cto, • • ■ , cr„} ^ S (C/1) 

and 

J2 ha^l. (Ul) 



Then C^' = C(|S|), where |S| is the geometric realization of E. Changing the 
unitality condition to J^^c < 1, one obtains a nonunital version, Cg^ which 
can be identified with CC(|S|). 

Cuntz then defines the noncommutative simplicial complex associated to E, 
C^, as the universal (noncommutative) unital C*-algebra with positive genera- 
tors h^, a G Vs, and relations ( pl| ) and (^Ij). Note that the nonunital version 
Cs is no longer the suspension of C^. 

1.3.2 One can often use universal C*-algebras to transform classes of c.p.c. maps 
into *-homomorphisms. We have already seen an application of this concept 



in Proposition 1.2.1. In the context of noncommutative simplicial complexes. 



1 . 3 Noncommutative simplicial complexes 



9 



for any C*-algebra A there is a natural one-to-one correspondence between *- 



homomorphisms A and c.p. maps — *■ A respecting 

1.3.3 It is a rema rkable fact that the natural surjection C^'^ is a KK- 

equivalence ( |Cu2| | , Theorem 2.13); so from this point of view, is the 'right' 



noncommutative analogue of C(|E|). However, the relations (Ql) are often hard 



to control in concrete applications. One might therefore ask if there are relations 



which describe intersections of open subsets in the commutative case (so do (£1)) 
and at the same time are tractable in the general C*-algebraic context. 

Consider the relations 

= Oif{ao,ai}eE; (02) 

these are easier to deal with than (^) , since they only involve orthogonality of 
positive elements instead of products with more than two factors. Again one 
can define universal C*-algebras T>'^'^ , V^, and V^; note that is called 



-,flag 



C|,"^ in [Cu2 



In (^) only the 1-simplexes of E occur, so we cannot expect Vy, or to be 
good noncommutative analogues of simplicial complexes unless the structure of 
E is already given by its 1-skeleton. E is said to be full, or a flag complex, if it 
satisfies the following condition: 

VS-c V^s, S-e E ^ e EV{s,0 c S). 

This condition implies that indeed E is determined by its 1-simplexes and it 
turns out that T)'^'^ = C'^'^{^ C(|E|)) iff E is full. From the topological point of 
view, we can always restrict to fiag complexes, since the barycentric subdivision 
of any simplicial complex automatically is a flag complex. 

1.3.4 We should mention that sometimes it is convenient to replace ( ^l| ) by a 
relation like 

wY^K- 111 < e m 

for some e > 0. This is because we mainly use noncommutative simplicial 
complexes to describe approximations of a C*-algebra; in this context one can 
often assume that ( ^2| ) holds but there is no canonical way to make this relation 
exact without aflecting (^2|). 

1.3.5 Again we have a bijection between ^-homomorphisms Ps A and c.p. 



maps C — > A that respect (5/2). Furthermore, whenever (/3 : C — > A is c.p.c. 



we can associate to a fiag complex E such that respects the relations (^2) 
for E as follows: Define Vs {l7--- , s} and let {io:*i} be in E whenever 
</3(ej(,)(p(eii) 7^ 0- Then let E be the fiag complex generated by this set of 
1-simplexes. One checks that the strict order of ip equals the combinatorial 
dimension of E. 

1.3.6 Next let (/? : ©^^^ -M^; — * A be (c.p.c. and) piecewise homogeneous. Of 
course we can apply the above procedure to the map o t : — > A to obtain 
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2. IDEALS 



a flag complex S and a ^-homomorphism A that is induced by ip. But 

it is also interesting to ask wether there are universal C* -algebras for which we 
obtain bijections between *-homomorphisms and p.h. maps. 
Starting with a flag complex E and F = ^o-eVs we can define another ver- 
sion of a noncommutative simplicial complex by putting together the relations 



(g) of and 

More precisely, let £^^f be the universal C*-algebra with generators h^^i for 
a € Va and i € {2, . . . , ra}, satisfying the following relations: 

h* .^hcrj = Si^j ■ h*_2hcr,2 for cr e and i, j £ {2, . . . ,rc,} , ^ 

(H) with := J2Z^ K^,h% , + K 2 V2 , > (^3) 

(the necessary modifications if there are a with = 1 are obvious). Then one 
checks that we have a bijection between p.h. maps and *-homomorphisms and 
that X>s =C*{K\a£ Vs) C 5s,_f- 

1.3.7 So there are various types of noncommutative simplicial complexes; all of 
these transform c.p.c. maps into *-homomorphisms naturally. A very interesting 
application of this concept is Cuntz's approach to the Baum-Connes conjecture 
in [ Cu2| ] , where he uses the algebras to give a conceptual explanation for the 



choice of the left hand side of this conjecture. 
In our context the algebras £y.,f seem to be the suitable analogues of simplicial 
complexes. However, one has to be aware of the fact that the £s.f themselves 
are not accessible to our theory, since in general they are far from being nuclear 
(and so are the Cs and the 



2. Ideals 

As an application of the methods developed in the preceding section, we de- 
termine the behavior of the completely positive rank for ideals. First we need 
another technical observation. 

2.1 Proposition: Let A, F he C* -algebras, F = © ... © Mr^ finite- 
dimensional, and if, if : F A c.p.c. such that 

ft) (^(1m.J<^(1m.-) ^0=^ ^{1mJ^{1au-^) + Vz, z G {1, . . . , s\, 

(ii) ordipi = ifordipi — 0. 

Then ordcp < ord ip. 

Proof: Let n := ord(p and suppose ordi^ > n, i.e. there is an elementary set 
E d F with \E\=n + 2 and 

^(e)(^(e) 7^ OVe,e e 

Set Ei -.^ EnMr-. 



If lE'il > 1, we have oidipi > 0, hence ord (pi > by (ii). But then by [Wil| 
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Lemma 3.14, we have ovdtpi = — 1, so in particular there is an elementary set 
E'^ C Mr, with \El\ = \E,\ and 

^rif)^rif)^Oyf,feEl. 

If \Ei\ = 1, let El ■.= E, C Mr,. 

Define / := {i € {1, . . . , s} | \E,\ > 0} and note that Y^iei 1-^*1 = n + 2. For 
each is/, take an open neighborhood Ui C U{Mri) of Ia^,.. , such that 

<^^{u*fu) ip,iu*fu) ^ V/, / e ueU,. {*) 

We have (^(Ir, ) <^(lrj) 7^ for all I. 

Let _F/ := ® jg/ Af,.. C F and apply Proposition |l.l.6| to Fj and (^|fj- This 
yields nonempty open subsets Vi C Ui, i G I, such that the following holds: 
For i I and / G E-, f G i?^, u G Vi and u G Vj we have 

ip{u* fu) (p(u* fu) ^ . 

For each z G / choose some Ui G and set E^' :— u*Elui. Then obviously each 
K" C Afri is elementary and so is E" := IJie/ ^f- 
Using (0) and (Q) we obtain that 

(/9(e) (^(e) 7^ Ve, e G . 

But \E"\ = \E\ = n + 2, so oid(p > n, a, contradiction. □ 
Remark: Condition (i) is in particular fulfilled, if 

(^(1m.. ) C ifilA.u. )Aip{lA,u. ) Vi G {1,... ,s}. 



2.2 Theorem: Lei ^ &e a separable C* -algebra and J <i A an ideal. Then 
cpr J < cpr A. 

Proof: Let e > and ai,... ,afe G J, \\aj\\ < 1, be given. Choose a c.p. 
approximation {F,tp,ip) of A for ai,... , a/j within | and such that oid ip < 
n :— cpr A. We may assume F = Mr^ ® . . . ® Mr^ . 

For those i G {1,... ,s} for w hich o rdcpi — 0, take ^ and as and r. 



respectively, and apply Lemma 1.2.5 to find 5i > such that the assertion of 
1.2.5 holds. For values of i for which oid(pi > 0, apply Proposition 1.2.6 to 
obtain 6i > 0. Set S := miii{6i \ i = I, . . . , s}. 

By JPec^ l 3.12.14, J has a quasicentral approximate unit {u\)\. We may thus 
choose u G J+ with ||tt|| < 1 such that 

\\uaj - aj\\ < -, j = 1,... ,A: 

and 

II [u, (^i(a;i)] II < 5 for all Xi G M^ with ||a;i|| < 1, i = 1, . . . , s . 
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(For the second assertion we used that (ua)a is quasicentral for A and that 
{ipi{xi) I Xi G Mr-ii \\xi\\ < 1, I = 1, . . . , s} is compact in A.) 



Now for i = 1, . . . ,s by our choice of 5 either the assertion of Lemma 1.2.5 
(if ovdipi — 0) or of Proposition 1.2.6| (else) holds, so there are c.p.c. maps 
LPi : A, i — 1, . . . , s, with the following properties: 

(i) \\(ft{x) - (pi{x)u\\ < ^ Vx e Mr, with ||a;|| < 1 



(ii) ^^iMr,) C ifilAuJAifiilM^Jn J 

(iii) ordipi = if ordipi 0. 

Denote hy ■ip : J ^ F the restriction of ■0 to J <l A and define : F — > J by 
setting (p\m '■— tt^ ' V'i^ * = 1, ■ • ■ ,s. Then i/i and (p are c.p.c. (note that 

II E'^i(lM,,) - E'/''*(1a/,.J'«|| < I and that || E V'iClM,, )'«|| < 1, so ||X]'PJ < 
1 + i). Furthermore, 



^ ^jVi(aj) -Ojll = Wj^'P^Maj)- aj\\ 

i=l 

s s 



i=l 



< 



i=l 



< 



+ 11 ^ ipiipi{aj)u - aju\\ 

i=l 

+ hjU-aj\\ 

S 

\\f'M^{aj)) - V3i(V'i (%■))" II 



+ \\(p^p{aj)u — aju\\ 

+ hjU~a.j\\ 
e e e 

< s ■ 1 + 7 + 7 

4 • s 4 4 

3 

Because ||x — < a if ||a::|| < 1 + a, we have 



£ 



therefore [F, ip, ip) is a c.p. approximation for ai, . . . , a/j within e. 



We have ord(^ < " by Proposition 2.1 



□ 



2.3 Remark: It follows from our construction that the approximations of J 
can be chosen to be piecewise homogeneous, if this is true for the approximations 
of ^. 
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3. Homogeneous vs. completely positive rank 



3.1 Homogeneous rank 

3.1.1 Definition: We say the homogeneous rank of A is less than or equal 
to n,hjA< n, if A has a system {Fx^ipx, ipx) of piecewise homogeneous c.p. 
approximations of strict order not exceeding n. 

3.1.2 We obviously have cpr A < hr A for any C*-algebra A, whereas it is not 
clear if we always have equality. 



In |Wil], Proposition 3.5 we saw that cprCo(X) < dimX for a locally com- 
pact space X. But to show this we used c.p. approximations through finite- 
dimensional commutative C*-algebras, and such approximations automatically 



are piecewise homogeneous. Together with |Wil|, Proposition 3.18, it follows 
that cprCo(X) = hrCo(X) = dimX. 

Of course hi A — iff A is AF. The two theories also coincide for all other 



examples we have considered so far (cf. [ Wil |). In particular the irrational 
rotation algebras, the Bunce-Deddens algebras and Blackadar's simple unital 
projectionless algebra all have homogeneous rank one; this is because, for the 
computation of the completely positive rank, we already used p.h. approxima- 
tions. 

More generally, one can prove that hr A = 1 if cpr^ ~ 1. Below we will show 
that hi A = cpr A whenever A is simple. 

3.1.3 Just like the completely positive rank, the homogeneous rank has nice 



permanence properties. In particular, the proofs of |Wil|, Section 3, show that 

• hr (A e S) < maxjhr A, hr B} 

• hi A < lim hr An if A = lim^ An and that 

• hr {A/ J) < hrA if J < A is an ideal. 



By Remark 2.3 we also have hr J < hryl. 

3.1.4 It is not clear how the completely positive rank behaves with respect to 
tensor products. For the homogeneous rank we at least have the following partial 
result (note that the homogeneous rank takes finite values only for nuclear C*- 
algebras, so we do not have to specify the tensor product we are working with): 

Proposition: Let A and B be C* -algebras. Then 

hr {A(g)B) < (hr A + 1) • (hr B + 1) - 1 . 
So if B is AF, we have hr {A® B) < hr A. 

Proof: Let {F\,tp\, lp\)a and (F-y^ip^, ip-y)r be systems of c.p. approximations 
for A and B, respectively, such that the cpx are p.h. of strict order hi A and 
the (fj are p.h. of strict order hr_B. Then (Fx (g) F^,4>\ (8) ip.y,(px ® 'P-y)Axr is a 
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system of c.p. approximations for A ^ B. From Corollary 1.2.2 it follows that 
ifx (8> f'y is p.h. and it is straightforward to check that 



□ 



ord (i^A ® ¥^7) < (ord ip\ + l) ■ (ord (^^ + 1) - 1 . 

Remark: Of course an estimate like 

hr{A(g) B) <hrA + hrB 

would be much more satisfactory. However, this would certainly be hard to 
obtain, even if one of the factors is, say, commutative. 



3.2 Simple C*-algebras 

In this section we show that at least for simple C*-algebras the homogeneous 



and the completely positive rank coincide. The key step is [Wil|, Lemma 3.14, 
but we first need a structure result for simple C*-algebras. 



3.2.1 Proposition: ([Culj, Proposition 1.8) Let A be simple, ^ a,6 e 



Then there is y £ A with yy* G aAa and y*y € bAb. 

Remark: As a consequence, it is straightforward to construct nonzero x, z, z' 
with z e a^+a, z' G bA^b and x £ A such that 

z — xz'x* , Z = X* ZX, Z = X*XZ , Z = XX* z . 



In particular zAz = z' Az' . 

3.2.2 The following observation is well-known, although we could not find an 
explicit proof in the literature. Recall that a C*-algebra is called elementary if 
it is isomorphic to K.{TC) for some Hilbertspace Ti. 

Lemma: Let A be simple and nonelementary , a G A^, rt G N. 

Then there are pairwise orthogonal nonzero elements ai, . . . ,an G aA+a and 

Xi, . . . , Xn-i G aAa such that 

ai+i^x*aiXi, ai = Xiai+ix*, i = l,...,n-l. 

Proof: Since A is simple and nonelementary, every irreducible representation 
must have empty intersection with the compacts. In particular, A does not 
contain minimal projections; it is then straightforward to construct nonzero 
pairwise orthogonal positive elements /i, . . . , /n G aAa. Now from an inductive 



argument involving Remark 3.2.1 one obtains nonzero Xi, Zi, z\ G aAa^ i = 
1, . . . , ri — 1, such that 

(i) z., G z'^_^A+zl_^, z[ G (set z'q := fi) 

(il) ' " XiZ^X^ , Zj^ — ZiXi^ Zi — XiX^ Zi^ Zj^ — XiZj^. 

Set 

(Xl . — Xi . . . Xn—lZ^__-^X^_-^ . . . , I — 1, . . . ,77 i, 0,^2 . — Z^.^_-^^ 



3.2 Simple C*-algebras 
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then 



Xitti+ix*, i = 1,. .. ,n- 1. 



Induction shows that 0^+1 e z'^^z'^ for i = l,...,rt — 2: 

Obviously a„_i = z„_i e z^_2^+'2^n-2- Assume a^+i S z'^Az'^^, then 

— X'i(X'i-^\X — XiZjXVZj^Xj^ — X'lX^ ZiXilVX ZiX^X — ZiXilVX^ Z-i ^ Z^^-yA-Z^ . 

Therefore 



Xj^QiXi — X^XiQ.i-\-\X^Xi — (Xi-\-\. 



Oi, . . . , a„ , xi,. . . ,Xn-i G /^/ by construction. □ 

3.2.3 Remark: The lemma can be interpreted as follows: 

In any hereditary C*-subalgebra of a simple nonelementary C* -algebra A there 

is (for arbitrary n € N) a hereditary C*-subalgebra of the form Mn{B). 



3.2.4 Recall the following notation from [Wil|, 1.3.1: For positive numbers a 
and £ define continuous positive functions on R 



and 



9a,e{t) 



for < < a 
t for a + e < t 
linear elsewhere 



for < < a 
for a + e < t 
elsewhere : 




let ga denote the characteristic function of [a, oo\. 

3.2.5 Theorem: Let A he unital and simple. Then hi A = cprA. 

Proof: We show that there is a system {F\,^p\,ip\) of c.p. approximations 
with ordifx < n := cprA and such that the summands of the -Fa are at least 



(n + 2) X (n + 2)-matrices. Then [VVil|, Lemma 3.14 will imply that the (px have 



strict order zero on all of the summands of F\. 

So let < e < 1 and ai,... e A with ||a/|| < 1 be given. We may 
assume A to be infinite dimensional, for otherwise A = Mr for some r and there 



is nothing to show. Then apply Lemma 3.2.2 to obtain pairwise orthogonal 
60, . . . , bn+i G A^ and yo, . . . , Un+i G A with = \\yj\\ = 1 Vj and such that 



bo = ypjVv j = 0, . 



1 



2(n+2)^ (|)^" Siiice A is simple, b := fi-s,s{bQ) generates A as an ideal; 



Set ,5 

in particular there are fc G N and q, di (z A, 1 = 1,. 

k 



, fc, such that 



1a = '^cibdi . 



16 



3. HOMOGENEOUS VS. COMPLETELY POSITIVE RANK 



But then by [Cul], Proposition 1.10, there are h\ £ A, I ^ 1, . . . ,k, such that 



1=1 



and we have 



il-5)-lA < il~S)-J2htbhi 
< Y.^*ibh 



For 1 = 1,... ,k and j = 0, 



= 1a. 

,n + 1 define 



,0) 



Vjb^hi 



then we obtain for all j: 



1=1 

k 



1=1 

1=1 

k 

1=1 
= 1a; 



note that < 1 VIJ. 



Set rj := ^ giOfcf (•„^2)'t ^^'^ choose a c.p. approximation {F, ip, ip) within rj for 

, m, Z = 1, . . . , fc and j = 0, . . . ,71 + 1} 



G:={lA,a,,h['\h'l''>*h'i'\b,\i = l, 



such that ord f < n. Again we assume F = ® . . . ® M^^ . Now for all I, j 



so 



3.2 Simple C*-algebras 
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hence for any y (z F with < 1 we have 



by [Will, Proposition 1.1.6. For any j we have 



1a > 


LPibd a) 


> 


k 

1=1 


> 




> 




> 


Y,{^^{h\^'>*)^iAb,)v^{h^h - 2 • (377)^ • 1^) 


> 


5](/zp>6,/ip)- (2(3,7)^ +3,7) -1^) 


> 


(l-5-fc(2(377)^+3?7))-lA. 


As a consequence. 







k 

1=1 




k 

1=1 




< (5 + fc(2- (37/)5 +3?7) 
= : a . 


Set :=g^_^i^{Eli^ih?^*WbsMh'i'^)), then 


If 


k 

«^ 1=1 


and 






a2 



Denote by := g^-^'^lM,,, the part of q'-^^ in Af,.,. Now if < I - 2ai 
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3. HOMOGENEOUS VS. COMPLETELY POSITIVE RANK 



for some z G {1, . . . , s}, then 

k 

k 
1=1 

< (l-2a^)gp)(^^(/.(^>/.p)))gp) 
1=1 

which imphes gp"* = 0. Let p be the unit of 

M... 

{i I gp'^^O, j=0,... ,ri+l} 

Then for each i we have pIm^. ^ iff q^^^ 7^ Vj = 0, . . . , 7i + 1. Note that 
If — p < Ip — X)J=o construction. Define F' pFp, ^p' ipp and 

if' :— iflp'- For any a € A with ||a|| < 1 we then have 

\\ip'tp'{a) - ipil;{a)\\ = \\(p{pil;{a)p) - (pijj{a)\\ 

< 2 • Mil F-pMa)p)\\ + -p)^ia){lF-pm 

n+l 

< 3-MiF-Y,q(^y)\\^ 

e 

< 2' 

so if') is a c.p. approximation for G within | + ?7, which is less than e. 

Obviously we still have ordip' < n. 

F' consists of those summands Mr^ of F for which g^-"'-' ^ for j = 0, . . . ,n+l. 
This implies that (for those i) \\tpi{bj)\\ > 1 — 2a5 \fj as we have seen above. 
On the other hand, H^AilX^j^o^ — ^ ^'^d '^^ obtain 

n+l ^ _ 

1 > tr (MY. ^.'■)) > ('^ + 2) — ' 

where tr is the normalized trace. But then 

ri > (n + 2)(1 - 2a^) > n+l, 



since < 2{n+2) ■ ^PPly™g Wil |, Lemma 3.14, we now see that ord {'filMr. ) = 
for all indices i for which Mr- is a summand of F' , and this means that ip' 
indeed is piecewise homogeneous, which was to be shown. □ 
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4. Continuous trace C*-algebras 

In this section we examine the completely positive rank of a separable continuous 
trace C*-algebra A. It turns out that cpr A < dim A, A being the spectrum of 
A. Under some (possibly unnecessary) extra condition, basically saying that 
all irreducible representations of A must be of (at least locally) bounded finite 
dimension, we show that cprA = dim A. 

We start by recalling some facts about the spectrum and the primitive ideal 
space and about C*-algebras with Hausdorff spectrum and continuous trace 



C*-algebras. Most of this material is taken from |RW|; cf. also |Dx| or 



4.1 C*- ALGEBRAS WITH HAUSDORFF SPECTRUM 

4.1.1 Recall that, for a C*-algebra A, Prim A denotes the primitive ideal space, 
the space of kernels of irreducible representations endowed with the Jacobson 
topology. The spectrum A of A is the space of unitary equivalence classes of 
irreducible representations; it inherits its topology from Prim A via the natural 
surjection. 

4.1.2 For a closed set M C Prim A we define Jm ■= Q{< G Prim A\t € M}, 
which is a closed ideal in A. It is well-known that, if A is Hausdorff, then the 
natural map A — > Prim A is a homeomorphism. It is then often more convenient 
to consider A/Jt for t G Prim A than Trt{A), ttj being the representation in A 
corresponding to t. We write a{t) for the image of a in A/Jt. 



4.1.3 For any C*-algebra A the Dauns-Hofmann Theorem (|RW], Theorem 
A. 34) identifies Cb{A) with ZM{A), the center of the multiplier algebra of A. 
By restriction, this makes A a Co(A)-module. If A is Hausdorff, the module 
structure is given by the formula {f-a){t) = f{t)-a{t) for a G A, / e Cq{A), t G A; 
it is easy to see that the Co(A)-action is nondegenerate, i.e. 



Co(A) • A = span{/- a|/ e Co(A),a e A}^ A. 
AAA The next result basically is a corollary of the Dauns-Hofmann Theorem 



(part (i) is |RW|, Corollary 5.11, part (ii) is straightforward): 



Lemma: Let A be a C* -algebra with Hausdorff spectrum, M <Z A a closed 
subset, U d M open in A. Then 

(i) Jm = Co{A\M)-A; 



(ii) the quotient map ttm '■ A —> A/ Jm is an isomorphism on Co{U) ■ A d A, 
which we may therefore consider as hereditary subalgebra (or even as an ideal) of 
A/Jm- (Note that we consider Cq{A\M) and Cq(IJ) as subalgebras ofCo{A).) 

4.1.5 We now turn to the definition of continuous trace C*-algebras. Suppose 
A is a C*-algebra with Hausdorff spectrum. We have seen that, for each t G A, 
A/Jt has a unique irreducible representation nt (up to unitary equivalence); so 
if p(t) G A/Jt is a projection, we may define the rank of p(t) as the rank of 
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iTt{p{t)) G B{HTTt)- This is well-defined since the dimension of a subspace is 
preserved by unitarics. In particular, we may speak about rank-one projections 
in A/Jf 

4.1.6 Definition: A C* -algebra A is said to have continuous trace if it has 
H aus dor ff spectrum and satisfies Fell's condition, i.e. for each t g A there are a 
neighborhood U of t and a & A such that a{s) is a rank-one projection for each 

seU. 

4.1.7 There is another characterization of continuous trace algebras which shall 
be useful in the sequel: 



Proposition: ( [ RW | , Proposition 5.15) Let A be a separable C* -algebra with 
H aus dor ff spectrum. Then A is a continuous trace C* -algebra if and only if it is 
locally stably isomorphic to Cq{A), i.e. each t £ A has a compact neighborhood 
M such that [A/ Jm) <8)/C = C{M) ®K, (as C* -algebra and as C{M) -modules). 



4.2 Completely positive rank of continuous trace C*- 
algebras 

4.2.1 Theorem: Let A be a separable continuous trace C* -algebra. Then 
hi A < dim A. 



Proof: The argument is a generalization of Proposition |Wil|, Proposition 3.7. 
We use the fact that any t E A has a compact neighborhood Kt such that, 
locally, A looks like a hereditary subalgebra of C(Kt) (E) JC, and such an algebra 
may be approximated by a subalgebra of C{Kt) (8) Mr; if Kt is taken to be small 
enough it even suffices to consider constant functions from Kt to Mr. This 
construction is used to get an open covering (Vi) of strict order less than or 
equal to dim A, such that (Co(U) ® A/^J approximates the local structure of A 
sufficiently well. It is then easy to define F and ip : A ^ F. To define ip : F ^ A 
one has to use a partion of unity to glue the M^-'s together. This (p will be of 
strict order not exceeding dim A. Again, there is some extra work to do because 
we do not assume A to be compact. 

All this we will now make precise. 

Consider a finite set G C A+ with ||a|| < 1 for each a G G and e > 0. 
We are looking for a c.p. approximation {F,ip,tp) for G within e such that 
ord^s < n :— dim A. 

By Proposition [4.1.7| every t G A has a compact neighborhood Kt such that 
{A/ Jk,)®JC C{Kt)(EJC &sC{Kt)-\no<hx\eii. There is <ht& A/Jk„ \\ht\\ < 1, 
such that 

\\htTTKM) - '^Kt{o)\\ < ^Wae G. 

Consider ht and TTKt{a), a S G, as functions: Kt /C+ by embedding A/Jk^ 
in {A/JKt) (g) /C as upper left corner. 



4.2 CPR of continuous trace C*-algebras 
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It is then routine to show that there are an open neighborhood Ut C Kt of i, 
some At > and a projection valued function qt : Ut ^ K, with the following 
properties: 

(i) qt{s) < Xfht{s)ysGUt, 

(ii) \\qt{si) ~ qt{s2)\\ < and 

||7rA't(a)(si) - TTKt{a){s2)\\ < f Vsi, S2 € Ut, a e G, 

(iii) \\qt{s)ht{s) - ht{s)\\ < |Vse 

It follows that 

ht{s) TTKt{o-){s) qt{s) - TTKAa){s}\\ 

< \\qt{s) TrKt{a){s) qt{s) - qt{s) TrKt{a){s) ht{s) qt{s)\\ 
+ ||(?t(s) 7rKj(a)(s) ht{s) qt{s) - qt{s) Tr^t (a)(s) ht{s)\\ 
+ ht{s) TrKt{a){s) ht{s) - qt{s) TrKt{a){s)\\ 

+ \\qt{s) 7rifj(a)(s) - qt{s) ht{s) TrKt{a){s)\\ 
+ \\qtis) ht{s) ■KKt{a){s) - ht{s) ■KKt{a){s)\\ 
+ \\ht[s) TTKt{0')(s) - TrKt{a)(s)\\ 

< --eyaeG^seUt- (*) 
9 

The term qt{s) TTKtiO'){s) 9t(s) suggests that s must be regarded as an element 
of Ut C Kt, for otherwise it is just not defined. So in terms like this we often 
slightly misuse our notation and write a{s) for TrKt{a){s). 

Anyhow, we will not always explicitly indicate if we work in C{Kt) (8) /C or 
A/Jxt (8) /C (or even in A/Jxt C (A/J^J ® /C), but this should be clear from 
the context. 

Define K := {t E A \ \\a{t)\\ > | for some a E G}, then K C A is compact (cf. 



[RW], Lemma A.30). 



There are t[,...,t',^ G A such that K C [Ji Uf^. Set Uq := A\K, then 



{Uo, Ut[, ■ . ■ , Ut'J is a finite open covering of A, which, by [|Wil| , Proposition 
2.8, has a refinement Vi, . . . ,Vi of strict order not exceeding n. 

We may assume that ViOK ^ for i < m and ViO K ~ for i > m for some 
m G {1, . • . ,1}- We may further assume that for each Vi there is some U E Vi 
with U i Uj-^^ V, - 

Choose a partition of unity (17^)1,... subordinate to (Vi)i^... then 

m 

^5,(s) = iVsei^ 



and gi{ti) = 1 Vi. Also, the gi may be viewed as elements of Co(l^). 
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For each i < m there is ji G {1, . . . , fc} such that Vi C Ut'. ; let qi be the 
restriction of qt', to T^i, then qi e C6(Vi,/C) is a continuous projection valued 
function. From now on, we write ti for t'^. . Note that we have 

U&V^C Uj. c Kj . 



By (ii) and |Wil], Proposition 1.3.7, there are partial isometrics G Cfc(V^,/C) 
with \\w^{s) - qi{s)\\ < |, w*{s)w^{s) = ^^(s), and Wi{s)w*{s) = q.,{U) Vs G Vi- 
Note that, by construction of the w^, Wi{ti) — qi{ti). 

Now we are ready to define (i^, "0, (/s): 
Set F :— ®™ 1 -^r;, where is the rank of qi{ti) in /C. Then define -0 : A F 
by 

■0(0) ® qi{U)a{ti)qi{ti); 
1 

here we view a{ti) (for tt ^Vi <Z Kj. ) as an element of /C via the Co(A)-maps 

A A/ Ja'^^ ^ {^/Jk-^ )^IC^ C{Kj^) ® K. K. . 
Also note that M^- = qi[ti)K.qi{ti). Finally, define : F Ahy 

m ™ 

1 1 

Here, Xi G Af^; — qi{ti)K.qi(ti) C /C, thus w*XiWi G Cf,(Vi,/C). But then 
■ w*x^w^ G Co(F„/C) Cn{Vi) (E)ICcC{KjJ^IC^ {^/Jkj^ ) ® -"C- 



Furthermore, 



(0 

• w*XiWi < \\xi\\ ■ gi ■ qi < \\xi\\ ■ At • g^ ■ hj 



for G (MrJ+- But 



g^ ■ hj. G CoiV^) ■ A c A/Jk_ c A/Jk-,, ® K. , 

* her ^ her ^ 

where the first inclusion comes from Lemma |4.1.4| . We therefore obtain 



gi ■ w*XiWi G Co(Vi) ■ Ad A. 



Thus "0 and ip are well-defined and (obviously) completely positive contractions. 



4.2 CPR of continuous trace C*-algebras 
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For a £ G and s £ A we obtain 

\\f°ip{a){s) - a{s)\\ 

■m 

= II ■ w*{s)a{s)w,{s) - a{s)\\ 

1 

m rn 

< \\'^9'i{s) ■ w*{s)a{s)w,{s) -^g^{s) ■ q,{s)a{s)q,{s) 

1 1 

m m 

+ \\^9i{s) ■ q^{s)a{s)q^{s) -^g^{s) ■ a{s)\\ 

1 i 
m I 

+ 11 -0(3)11 
1 1 

m 

< '^m{s)\\w*{s)a{s)w^{s) ~ q^{s)a{s)q,{s)\\ 

1 

rn 

+ ^ 9t{s)\\qt{s)a{s)q,{s) ~ a{s)\\ 
1 
I 

+ I]5.(s)l|a(s)|| 



m+1 

m 2 ™ 6 ' e 

1 ^1 m+1 ^ 

9 

<^ — ■ f = F 

- 9 

If s ^ 1^, (7i(s) and Wi{s) are not defined, but then gi{s) = 0, so all summands 
are well-defined. The norm estimates work in the same way: 
We only have to check 

2 

\\w* {s)a{s)w^{s) - qi{s)a{s)qi{s)\\ < g '£ 

and 

6 

\\q^{s)a{s)q^{s) - a{s)\\ < g-s 

for s g Vi. The first is true because ||wi(s) — qi(s)|| < | for s € Vi (and because 
the a, Wi and qi are normed), the latter we have already checked in (|*]). 

If j > TO, then gi{s) ^ only if s ^ K, but then ||a(s)|| < e, and this yields 
the last estimate. 

So we have seen that {F^ip^ip) is a c.p. approximation of G within e. It only 
remains to show that ordipi = Vi and that ordi^s < n: 
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If ej^ _L live in the same M^^ , then 

V{eh)v{ej2) = 9i ■ w*ej^WiW*ej^Wi = gf ■ w*ej^ej^Wi = 

(recall that wc embedded M^^ in /C as qi{ti)lCqi{ti) and that WiW* = qi{ti)); it 
follows that 01 Alp I = Vi. 

Now consider distinct elements z(0), . . . , i(n + 1) of {1, . . . , m} and minimal 
projections eo e M^.^^j , . . . , e„+i e , then 

<P(li(j)) = • Ku)M])'^iU) = 9tU) ■ QiU)- 

But Qi is nonzero only on Vi, and these had strict order less than or equal to n, 

which means that at least two of the sets T^(o), • • • , ^(n+i): say T^i(ji) and T^Qa)) 
do not intersect. Thus ffi(ji)5i(j2) = cind iy9(lj(jj^))iy?(lj(j2)) = 0, which implies 
that >fi{eiQi))f{eii^j2)) = 0) hence ordip < n. □ 

4.2.2 Definition: A continuous trace C*-algebra A is said to be of locally 

bounded dimension, if. for every t ^ A, there exists a neighborhood M of t and 
r € N such that each representation s € M has rank no greater than r, i.e. 
dimWs < r. 

4.2.3 Remarks: (i) All homogeneous C*-algebras (which automatically have 
continuous trace) are, of course, of locally bounded dimension, and so are all 
subhomogeneous continuous trace C*-algebras. 

(ii) It is easy to give examples of continuous trace C*-algebras which only have 
finite-dimensional irreducible representations, but do not have locally bounded 
dimension. 

(iii) Since A is locally compact for a continuous trace C*-algebra, in the previous 
definition one may assume M to be compact. 

4.2.4 Lemma: Let n,r £ N be given. Then there is N{n, r) G N such that 
the following holds: 

If r' , k E N, r' < r, and 93 : C*^ ^ Mj.' is a c.p. map with ordi^ < n, then (p{ei) 
is nonzero for at most N{n, r) of the canonical generators of . 

Proof: After embedding Mr' in Mr we may clearly assume r' = r in the 
assertion. 

Consider the unit sphere S'^'^~^ C C", Mr operating on C" in the natural way. 
For every ^ G 5^*""^ define 

U^:= {rt€S'^-'\mv}\>^}, 

then (t^j){gs2r-i is an open covering of S^'^~^. Since the sphere is compact, 
there is a finite subcovering (Vx)a- Note that if J?i,r/2 € (= for some 
then 

{m\v2) = {m\Pi\v2) + {m\{i-Pi)\m) o , 

since 

\{Vi\pM = \{Vi\0{C\V2}\>1 
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and 

i(7?ii(i-P4)i7?2)i < \\{i~pMm-pM\ 



= V\\m\\'-\{m\0\W\\m\\'^\{v2\0\' 
1 1 

< ^-2^2- 

Here, denotes the orthogonal projection onto C • ^ and we used (bra|-|ket) 
notation. 

Set N :— {n + 1)| A| and suppose there are e^j , . . . , e^^^j with Lp{ei^ ) 7^ V j. 
W.l.o.g. we may assume ij = j ^ j- 

Then for each j there is a normed eigenvector r]j of f{ej) w.r.t. an eigenvalue 
> 0. Now there must be some A € A such that at least n + 2 vectors r]j lie 
in Fa. 

But if r/j', rjjii G V\, then 

thus ^p{&j') and Lp{ej") are not orthogonal. 

We therefore obtain a contradiction to ord tp < n. □ 

4.2.5 Theorem: Let A be a separable continuous trace C* -algebra of locally 
bounded dimension. Then dim A < cprA. 

Proof: Suppose for a moment that A = Mr{C{X)) for some compact space 
X and r e N, so C{X) = C{X) (g) en Cher A. The aim is then to show that 



cpr(C(X)) < cprA, since by |Wil| ], Proposition 3.18, cpr(C(X)) = dimX. 

Given e > and ai, ... , a; e C{X) (g) en, one can find a c.p. approximation 
{F,il),ip) (of A) for ai,... , a; within e and with ord(/p < cprA. After some 
extra work one can even assume that (/3(1_f) — en is small, so {F, V'lc(x)®eiii v) 
is "almost" a c.p. approximation for C{X). However, (p maps (the unit ball of) 
F to C{X) (g) en only up to e; the contributions outside C{X) ® en are certainly 
small in norm but they might even generate all of yl as a C* -algebra. But now 



Lemma 4.2.4 (which actually is the key step in the proof) ensures us that this 
effect cannot be too annoying and that there is (p" : F ^ C{X) (g) en such that 
(F, V'lc(x)i8)eii : v") still is a good approximation and such that ordi^" < oidip < 
cpi A. 

If A is a continuous trace C*-algebra, the situation is more complicated; the 
countable sum theorem for covering dimension allows us to "localize" the prob- 



lem, then the idea is again to use Lemma 4.2.4 to make the above strategy work 



(the reason why we have to assume locally bounded dimension is that wc do 



not have a version of 4.2.4 for /C instead of Mr). 

For each t E A there is a compact neighborhood Mt of t, rt E N and pt E A 
with \\pt\\ < 1 such that, for each s G Mt, Pt{s) is a rank-one projection and 
dim Tig < rt. Since A is locally compact, there are a compact and an open 
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neighborhood Kt and Vt such that t E Kt C Vt C Mt. Of course, (^t)jg^ 
is a covering of A. But A is second countable because A is separable (| |Dx| , 
Proposition 3.3.4), so has a countable subcovering (ift,)/gN. Now if 

dimA't, < n :— cpr A, then by the countable sum theorem for covering dimen- 
sion we get dim A < n. We thus have to show that dim Aj < n for every Kt- 
For convenience, from now on we omit the index t. 

We have C(A) = i: k{p){A/ J k)t^ k{p) Cher A/ Jk] we will simply write \k for 
7Tk{p)- For each s G K we have dimTis < r. Furthermore, cpr A/ Jk < jt., since 
A/Jk is a quotient of A. 

Now let ai, . . . , a; e C(A)+ and e > be given. Choose some S, rj > such 
that 

(i) 2 • A(n, r)^?]!^ -|-4.7yi-|-5.7^l-|_jy<| 

(ii) 2 • (55A(n,r) + 2 • (3 • ry^ + A(n,r))r/^ + 2 • (9 + 3A(n, r))^7/T6 < § 

(iii) ^ > 2 - (3-77^ + A(n,r)?75) + 2- (9 + 3A(n, r))5jyra), 



where N(n, r) comes from Lemma 4.2.4 



Let (Fjipjip) be a c.p. approximation (in A/ Jk) for \k, ai, . . . ,ai within 
r] such that oidip < n. We will modify this approximation in various steps 
to obtain a c.p. approximation of C{K) with the right properties. Set q :— 
g 1 (V'(Ia')) £ then (7 is a projection and 

rj 2 

772 

furthermore 

ip{q) > ipip{lK) -r]i -1, 
where 1 denotes a unit adjoined to A/ Jk- We then have 

\\lK-v{q)lKf = ||1a'(1-^(<z))'1aH| 

< \\lK{l-v{q))lK\\ 

< \\iK{i~^iK^K) + v^ ■i)1k\\ 

< UkUi + v^ +v)-i-^K)iK\\ 



so 



|1a -</3(g)lA|| <2-r?3 
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Similarly, we obtain 

Mq)^lK^{qW = !|(l-lKMg)'(l-lK)|| 

< \\{l-lKW{q){l-lK)\\ 

< 4||(i-1a-)(1k + ^-i)(i-1k)II 

n 1 

therefore \\(p{q) — lK'p{q)\\ < rji . As a consequence, 

Mq)-lK\\ < 3-773 

and 

Mq)-v{qf\\ <^-v^ ■ (*) 

We thus obtain for fc = 1, . . . , / 

ll¥'(#(afc)g) " Ofcll < \\ip{qip{ak)q) - (p{q)(pipiak)(p{q)\\ 

+ \\(p{q)(fi;{ak)^iq) - lK^ipiak)lK\\ 
+ \\lK^i'iak)lK - iKaklxW 

< 2 • 2 • rys + 6 • + 7^ 



using I Wil l, Proposition 1.1.6, and (y); for Ik instead of Uk we have the same 
estimate. 

Misusing our notation, we may write F for qFq (so q — 1f)j ''P for ipq and ip 
for (p\qFq and assume F = Mr^ ® . . . ® Af^^. We show that, if ord^s^ = for 
some i, then either = 1 or < rj^'- 

Suppose ord(^i = 0, > 1 and ||(y9i(lrj|| > 77s. Then there is. t <E K such 
that > Tjs . But since ord (ttj ot/ji) =0 (tt* is a representation), each 

eigenvalue of G B(TCt) has multiplicity at least r^. It follows that 

there must be a rank-2 projection / G B{Ht) such that 

r?^-/<^,(l.J(t)<(p(lF)(0. 
But (using ||(^(li?)(t)(l(f) — lA'(t))|| < rji) one checks that 

-/-f?^ •./lA'(t)|| 

so 

||/-/lK(i)ll <^ = 1, 
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hence 

\\f-flK{t)f\\<l. 

But as 1/f (i) is rank-one, so is flK{t)f < /, a contradiction. 
Next set 

P-= X! ' 

{i I ri>l, ord 0} 

then for any t ^ K we obtain 

||(p(p)(t)|| < N{n,r)-7^^ : 

By Corollary [TTtI we have ord o t < n, where l : ^ F \s the canonical unital 
embedding. We may thus apply Lemma 4.2.4 to see that ip(\ri){i) is nonzero for 
at most N{n,r) values of i, and by the preceding observation, |j(y5i(lri)|j < rj's 
for those i. 

We now have for fc = 1, . . . , ^ 

\\ip{{lF~p)Hak){lF-p))~ak\\ < 2 • iV(n,r) 3 . 7^X6 

+2 • 2 • rys + 6 • 7?3- + 

e 

< 2' 

the same estimate holds for Ik instead of ak- 

So, oncemore misusing our notation, we write F for (1^ —p)F{lp —p),ip for 
Tpi^p and ip for 'p\(ip-p)F(ip-p)- Also, we still write F = M^j ® . . . ® M^/, this 
should not cause confusion. 

After these modifications, we now have a c.p. approximation {F, ^, ip) (of 
A/Jk) for Ik, ai, . . . ,ak within | with the following properties: 

(a) \\(p{1f) - Ia'II < 3 • + N{n, r) ■ 77s 

(b) ord ip < n 

(c) ord = iff Mr^ = C. 

For X G with ||x|| < 1, (a) in particular implies 

\\p{1f)p{x) - p{x)\\ < (9 + 3 • N{n,r))i ■ tjTb {^^) 



because (again by | Wil |, Proposition 1.1.6) 

MIf) - ip{lF)^\\ < MlF)-lK\\ + \\lK-ipilFf 

< 3- ((3 + A(n,r))) -Tys . 
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Now define ip' : F C{K) Cher ^/ Ja: by 
then by a) and we have for x E with ||a;|| < 1 

\\ip' (x) - ip{x)\\ < \\lKfix)lK - ^{'i-F)v{x)(p{lF)\\ 
+ ||V3(lp')(^(x)^(li.) - ip{x)\\ 

< 2- {3-r]i + N{n,r) • 77^) + 2 • (9 + iN{n,r))^-q^ . 
Next define ip" : F C{K) by setting 

For < e M^^, \\xi\\ < 1, 

= Wil- 9^WMn^-9^)\\ 

< \\il-g,)ip'^ix^){l-g^)\\ 

< s, 

where we have written gi for f/« ^((^'(l^J). As a consequence, 

M{^^)-^^i^^)\\<2■Si . 

Furthermore, again from Lemma 4.2.4 and Corollary |l.l.7| we know that for 
each t G K 

is nonzero for at most N{n, r) values of i\ of course (f'l{lr^){t) is zero if (y5^(lrj(i) 
is. So we have that for all x £ F+ with ||a;|| < 1 

\y'{x)~^'{x)\\ = sn^\W"{x)[t)-v'{x){i)\\ 
t 

i 

< 2-S^N{n,r). 

Thus 

\\ip" (x) - ip{x)\\ < 2 • (55 7V(n,r) + 2 • (3773 +iV(n,r)77^) 



< 
- 2 



+2- {9 + 3N{n,r)) 2 TjTS) 
e 
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and 



+ \\ipip{ak) - flfell 



< 



ordip" < n: 

If ip'/{lr,)ip'{ilr-^) ^ for some i 7^ z e {1, . 



,s}, then there is t £ K such 



that ^ ^i'(lr,)(t) e C. But then (^^^(Ir-JW > 



||(/3-(lrJ<y3^(lrj)|l > X (^^re we have used that ip' , ip" : F 



I.e. 

and 



^ C{K) c yl/Jx 

that each t € K represents an irreducible, hence one-dimensional representation 
of C{K)). As a consequence, 



\\(p.,{lr^)ipi{lr-^)\\ > \\\ip,{lr^)(pi{lr^^) - ip'^{lr^)(pj{lr-^)\\ - 1 1 ■ ( 1^ || | 

> — - 2 • (2 • (3 • +iV(n,r)r/5) 

+2- (9 + 2A^(n,r))^T6) 

> 0. 

Of course ordpi = implies ordp'^' — 0, since in this case ri — 1. We can thus 
apply Proposition 2.1 and obtain ordi^s" < ovdip < n. 

So we have constructed a c.p. approximation {F,ip\c(K},^") (of C{K)) for 
fli, . . . , a; within s and with ord(^" < n, so cpr C(i4r) < n. Now Proposition 
3.18 of |Wil| says that dim i^T < n and our proof is complete. □ 

4.2.6 Examples: (i) For any separable locally compact space X and r S 
N, Co{X) (g) Mr is r-homogeneous, so cpr {Co{X) (g) Mr) — dimX. 
(ii) The rational rotation algebras Ag are homogeneous with spectrum T^, so 
cpr (Ag) = 2 for 9 rational. 
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